The widely accepted theory of buckling of thin cylindrical shells under axial compressive loading emphasises the sensitivity of the buckling load to the presence of initial imperfections. These imperfections are conventionally taken to be minor geometric perturbations of a shell which is initially stress-free. The original aim of the present study was to investigate the e!ect on the buckling load of imperfections in the form of local initial stress, which are probably more typical of practice than purely geometric ones. Experiments were performed on a vertical`melinexa cylinder of diameter &0.9 m and height &0.7 m, with radius/thickness ratio &1800. The upper and lower edges of the cylinder were clamped to end discs by means of circumferential belts * an arrangement that allowed states of self-stress to be introduced to the shell readily by means of local`uplifta at the base. The upper disc was made su$ciently heavy to buckle the shell, and it was supported by a vertical central rod under screw control. Many buckling tests were performed. Surprisingly, the buckling loads were generally at the upper end of the range of fractions of the classical buckling load that have been found in many previous experimental studies. Even when the local uplift at the base caused a local`dimplea to be formed before the shell was loaded, the buckling load was relatively high. A surface-scanning apparatus allowed the geometric form of the shell to be monitored, and the progress of such a dimple to be followed; and it was found that a dimple generally grew in size and migrated in a stable fashion up the shell as the load increased, until a point was reached when unstable buckling occurred. These unexpected and paradoxical features of the behaviour of the experimental shell may be attributed to the particular boundary conditions of the shell, which provide in e!ect statically determinate support conditions. This study raises some new issues in the "eld of shell buckling, both for the understanding of buckling phenomena and for the rational design of shells by engineers against buckling.
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Introduction
Much has been written on the topic of the buckling of thin cylindrical shells subjected to axial compressive loading. Ever since the discovery, almost 60 years ago, that buckling loads measured by experiment generally fell far short of the predictions made by the classical, elastic, small-de#ection eigenvalue buckling theory, research workers have studied various aspects of the shell-buckling problem. As von KaH rmaH n [1] argued at the time, geometric nonlinearity must play an important part in the phenomenon of thin-shell buckling. And for the past 30 years or so, Koiter's [2] conceptual scheme involving unstable equilibrium paths emerging from a bifurcation point for the initially perfect cylindrical shell, and the presence of small geometrical imperfections having a disproportionately large e!ect in reducing the maximum load, has become the conventional wisdom for engineers. That scheme, which connects analytically (i) an imperfection sensitivity of the buckling load, (ii) the`scattera of measured peak-load values and (iii) highly unstable post-buckling, has furnished a useful qualitative picture of shell buckling. On the other hand, extensive studies aimed at the prediction of buckling loads for cylindrical shells on the basis of precisely measured geometric imperfections [3] have had only limited success [4] . It seems reasonable to conclude, therefore, that the current conventional wisdom concerning the buckling of thin shells omits some crucial physical factor from the analytical scheme.
The experimental study to be described in the present paper forms part of an ongoing research project which aims at investigating this putative`missing ingredienta in current thinking about shell buckling. The project explores the idea that, while imperfections in the construction of thin shells may indeed be responsible for the low and scattered practical buckling loads, the kind of stress-free, geometric imperfections that are envisaged in the conventional theory [2, 3] are by no means the only kind of practical imperfection in shells as actually built. And indeed it might be argued that these`conventionala imperfections are rather unlikely to be found in practical construction.
An obvious candidate for a signi"cant constructional imperfection is one in which the shell as built is in a state of initial stress. Such initial stress could, in principle, predispose a shell to buckle under a small (or even zero) applied load. In what circumstances, then, can a thin cylindrical shell sustain a state of initial stress, or self-stress? Now it may sometimes be argued that a thin shell is statically determinate when it is idealised as a membrane, since the three independent equilibrium equations that are obtained by resolving forces on an arbitrary small element in three perpendicular directions are su$cient to determine, for arbitrary loading, the three independent components of the membrane stress throughout the shell [5] . And a statically determinate structure is, by de"nition, incapable of sustaining a state of self-stress [6] . But such an argument cannot be sustained in general, even within the membrane hypothesis, because it overlooks the role of displacement boundary conditions in "xing the determinancy or indeterminancy of the statical equilibrium equations: there is no reason to suppose that displacement boundary conditions have less in#uence with shells than with, say, simple triangulated frameworks, where they can render statically indeterminate an otherwise statically determinate frame.
The following simple example illustrates the point at issue
here. An open-topped thin-walled circular cylindrical crude-oil storage tank, made from pre-curved #at sheet and initially stress-free, will distort in a more-or-less stress-free manner if small non-uniform vertical displacements are imposed at its base on account of uneven settlement of the foundation. The shell responds to such changes practically inextensionally, with the generators of the surface remaining straight, and with a radial inward movement at the top in direct proportion to the upward vertical displacement of the corresponding point at the base [7, Section 5.1] . However, if the same pattern of vertical base-displacements is imposed at the bottom of a similar shell that is now xtted with a closed roof, then the situation is very di!erent. The circularity imposed by the roof at the top prevents the inextensional pattern of distortion; and therefore the displacements imposed at the base must cause stresses to be set up within the shell. The key di!erence between the two situations is that the boundary conditions of the second tank (base held circular and plane; top held circular) make the shell statically indeterminate, and hence capable of sustaining a state of self-stress; while those of the "rst tank (base held circular and plane; top free) make the shell statically determinate, and hence incapable of sustaining a state of self-stress. It follows immediately from this analysis that, in a tank with its top held circular (but free to distort out of plane) and its bottom held both circular and plane, it is possible for signi"cant stresses to be set up by small, additional, out-of-plane movements of the base.
The main purpose of the experiments to be described in this paper was to determine the e!ect on the buckling load for such a shell of small, locally applied`uplifta at the base of the shell. All of our experiments were performed on a cylindrical shell of diameter &0.9 m and height &0.7 m, made from a rectangular sheet of`melinexa of thickness 0.25 mm: radius/thickness + 1800.
In view of what has been stated above, we expected that`uplifta would introduce locally a region of high compressive stress, that would in turn predispose the shell to buckle in an unstable fashion under lower axial load than in the absence of uplift. However, the actual behaviour of the shell turned out to be quite di!erent from such expectations in various respects. First, the initial uplift at the base tended to produce a stable, local, inward-directed`dimplea in the shell at a low axial load * or even at zero axial load, depending on the degree of uplift. In one sense a buckle had indeed appeared at low or zero axial load. However, when the axial load was increased, this dimple tended to grow larger both in super"cial extent and in depth, and to move gradually up the shell, towards mid-height. Throughout this process the behaviour was clearly stable. Then, eventually, the shell would suddenly buckle comprehensively at a particular value of axial load, leaving much of its surface covered by a more-or-less regular pattern of post-buckling dimples, as shown in Fig. 1 . We clearly need to be careful about our terminology. We have already described as a`stable dimplea something that might otherwise be called a`bucklea. But for the remainder of this paper we shall use the term`bucklinga only to indicate the point where the applied axial load reaches a maximum, and then falls into a post-buckling state in which the shell is covered with many dimples.
A second surprising observation was that the buckling loads recorded in many tests conducted without any local uplift at the base were almost as high, in relation to the predicted classical value, as any that have been recorded in the literature for shells having similar radius/thickness values. And indeed there was relatively little`scattera in the observed buckling loads. In general, the consequence of introducing local uplift at the base in many other tests was to depress the average buckling load somewhat; but again there was relatively little`scattera in the buckling loads. Why then did our shell perform so well, in spite of its deliberately introduced imperfections?
A third surprising feature of our experiments was that the buckling load of the shell was so high, in spite of a rather awkward longitudinal seam (see below), which clearly constituted a major geometrical imperfection, in the sense described by Koiter. In view of these various experimental observations, all of which run counter to Koiter's conceptual scheme as described above, our research project developed in a direction that was di!erent from the original aim. Thus, the unexpected absence of signi"cant scatter in the observed buckling loads, contrary to the conclusions of many previous studies, raised a question requiring an explanation. Eventually we realised that a key to the situation lay in the somewhat unusual boundary conditions at the upper and lower ends with which we had set up the shell, primarily as a matter of experimental convenience: they will be described below. We came to believe that an explanation of the unexpected observations must lie in a proper understanding of some subtle features of our chosen boundary arrangements.
The layout of the paper is as follows. First we describe the experimental apparatus and the shell, including the boundary arrangements and the means of measuring axial load and the current geometrical conformation of the shell. Then we describe the measured initial geometry of the shell as it was set up. Section 3 gives "rst a statistical treatment of buckling loads reached in a total of 30 tests made with the shell set up in a`stress-freea condition, and then a description of a similar number of tests made after uplift-imperfections had been deliberately introduced. Section 4 discusses our results in relation to other work.
Apparatus and measurement arrangements

General arrangement
The main features of the experimental apparatus are shown schematically in Fig. 2 . The base of the shell is supported on a`table-topa consisting of a thin steel plate attached to 32 equally spaced radial bars whose levels may be adjusted individually by means of thumbscrews. This part of the apparatus had been built by Kamyab [8] for an experimental study of the way in which a small-scale melinex model of an open-topped crude-oil storage tank distorts when the base settles in an uneven fashion; and in particular it enabled him to impose arbitrary patterns of non-uniform settlement onto his model shell at 32`stationsa. Our intention was to use Kamyab's heightadjusting arrangement to induce self-stress imperfections in the shell, as described above; but in practice (see below) we had to adapt the apparatus somewhat so that it could impose local uplift at the base of the shell.
The shell itself was made from a single sheet of melinex, cut accurately into a rectangular shape. The two short edges were abutted together, and the vertical seam was made by gluing over the edges a cover-strip, 12 mm wide, of the same material; Evo-stick impact adhesive was used.
The upper end-closure`roof a of the shell consisted of a very shallow steel cone, 1.5 mm thick, welded inside an outer rim of external diameter 880 mm, with rectangular cross-section of height 25 mm and thickness 5 mm. The overall weight of the upper disc, having been increased by the symmetrical addition of masses, was more than su$cient to buckle the shell. The axial force applied to the shell was controlled by supporting the centre of the upper disc on a long central rod that could be raised and lowered at its lower end by means of a hand-controlled screw, and which incorporated a load-cell for measuring the axial force. At any time, therefore, the axial load applied to the shell was equal to the total weight of the upper disc less the force measured in the rod. In the course of a typical test the lower end of the rod was gradually lowered by means of the screw so that the compressive force in the rod was steadily reduced, and the load on the shell correspondingly increased. When the shell reached its peak load-carrying capacity, it buckled; and the shell's surface suddenly became "lled with post-buckling dimples as described above (see Fig. 1 ). At this stage the presence of the rod limited the vertical drop of the upper disc, and thus prevented a catastrophic failure of the shell. In practice, at this stage the upper disc tilted on its central support, so that about half of the shell surface was covered with buckles while the other half was practically unbuckled. Although the single shell specimen was subjected to buckling on many di!erent occasions, there was no evidence that repeated buckling produced any permanent damage or weakening; thus the buckles appeared to be always within the elastic range of the melinex material.
Connecting the shell to its upper and lower discs
As we have already indicated, boundary conditions at the top and bottom edges of the cylindrical shell were of critical importance to our investigations. The easiest way of explaining the procedures that were used for "xing these edges is to imagine a smaller-scale paper model of the cylinder made by taking half of an A4 sheet of paper cut lengthways down the middle, rolling it into a cylindrical shape and gluing the short edges together with a small overlap. This paper cylinder is #oppy, and is able to undergo substantial inextensional distortion. Suppose that two circular balsa-wood discs, 2 or 3 mm thick, and of negligible weight, are now cut so that they just "t inside the ends of the small paper cylinder. A lot will depend on the precise size of these discs; but they can be made to "t inside the cylinder easily, yet with enough friction just to hold the upper disc in place when the assembly is stood up vertically. It is reasonable to suppose that in this condition the paper of the cylinder will be stress-free; and indeed that it would remain stress-free if the discs could be somehow connected permanently to the cylinder in a way that would produce no local disturbance. A possible way of joining the disc and the cylinder would be to coat the disc (made slightly smaller, perhaps) with a slow-setting glue, so that as the glue hardens the stress-free condition persists. (It would be important, of course * just as in making the longitudinal seam of the cylinder * to use a kind of glue that does not cause the paper to swell or shrink, or otherwise distort.) In relation to the problem of "xing the heavy roof-disc to the 0.25 mm thick melinex cylinder in the actual test rig, the use of glue was considered initially. However, since it would clearly be desirable in a project of this kind to be able to detach and re-"x the roof at will during the course of investigations, it was decided to use a more reversible "xing arrangement. The basic idea was to clamp the shell to the 25 mm deep cylindrical edge of the upper disc by means of a thin circumferential aluminium belt equipped with a simple turnbuckle, and separated from the melinex sheet itself by two compressible rubber strips, together about 3 mm thick: see Fig. 3(a) . In terms of the small-scale paper cylinder, this would be equivalent to securing the end-discs by placing a taut elastic band around the cylinder, in the plane of each disc. The "xing would obviously not be as positive as a glued joint; but if the tension in the band were su$ciently high, the grip might be su$ciently "rm for buckling experiments to be performed satisfactorily. In order to improve the grip between the melinex shell and the end-discs in our experiments, the cylindrical edges of the roof disc and the lower disc (see below) were both covered with emery cloth, grade 400, attached with glue.
The support conditions at the base of the shell were more di$cult to arrange than those at the top, on account of our intention to impose small vertical displacements there after "xing. After some trials of several di!erent schemes, the following arrangements were made (see Fig. 3(b) ). First, a built-up circular plywood disc, 25 mm thick at its outer edge, was cut to exactly the same overall diameter as the upper roof disc. Then a set of radial slits, 0.3 m long, were cut into the disc from the outside, so that the outer part of the disc was transformed into 128 radial`"ngersa * i.e. 4 for each circumferential`stationa of the #exible steel base plate described above. These separate "ngers were secured to the base plate with double-sided adhesive tape; and in addition every fourth "nger was held to the plate by screws. The initial plan was that the melinex sheet would be "rmly attached to the ends of the "ngers, and that, as Kamyab's baseplate-adjusting screws were turned, the "ngers, and hence the shell, would move vertically by prescribed small amounts, as required. It turned out, however, that the grip between the melinex sheet and the end surfaces of the "ngers covered with emery cloth, as a result of pressure from the circumferential securing belt similar to the one at the top, was not su$ciently positive to avoid slip; and so an additional arrangement was incorporated to ensure that the vertical lift imposed on the base was positively transferred to the shell. As before, the cylinder was clamped to the wooden blocks by means of a circumferential belt with a turnbuckle, but now leaving a gap of about 2 mm between the bottom of the shell and the base plate. Then, at a location where the base of the shell was to be raised, specially cut shims were inserted between the shell and the base. So, when the corresponding base-plate-adjusting screws were turned, a small portion of the circumference of the shell was raised directly. This arrangement is shown in the sketch of Fig. 3(b) ; and it was found to work satisfactorily.
Setting up the shell for a test
The setting-up procedure for the shell was rather involved, and it was gradually developed by a process of trial and error. First, the shell was slipped over the wooden base and clamped to it lightly by means of the rubber-lined aluminium belt (Fig. 3(b) ). Care was taken to ensure that the lower edge of the shell was not in direct contact with the steel base plate, so as to allow some shims to be inserted later on. During this "tting process, the roof was supported clear of the shell on the central rod, which could be raised and lowered manually by means of the screw arrangement already described. The roof was then lowered gently, and carefully slipped inside the top edge of the shell. When the roof was at its proper height it was clamped to the shell by the upper aluminium belt (Fig. 3(a) ). After the shell had been set up in this way, either belt could be released temporarily (but only one at a time) and the shell's position adjusted relative to the corresponding disc. The alternating loosening and re-clamping of the two belts allowed for release of any locked-in stresses, and so provided an initial stress-free condition in the shell before each test.
Surface position-measuring system
An important aspect of the experimental apparatus, that we have so far mentioned only in passing, was a device for systematically scanning the radial position of the shell, at any stage during a test. The scanning arrangement is shown schematically in Fig. 2 : it was adapted, with substantial modi"cation, from Kamyab's apparatus.
Above the centre of the top of the shell is located a vertical bearing which supports a rotating radial arm. The bearing is supported on a simple frame built from 50 mm diameter steel sca!olding tubing and proprietary junction units, and "rmly attached to the laboratory #oor. The sca!olding framework stands clear of the table supporting the base plate and the shell, and is independent from it.
The rotating arm is driven by a stepper-motor controlled by a computer. From the end of the arm projects downwards a long vertical member consisting of two rods that form a`tracka for a movable unit holding two laser ranging devices. This unit is driven vertically from the top by a motor that turns a long vertical screwed rod. The basic scanning plan was for the arm to rotate steadily while the laser-carrying unit climbed steadily from the bottom, so that the lasers could take a series of readings of the radial position of the shell on slowly climbing, spiral paths. Initially, a single laser was used to scan the full height of the shell. With this arrangement, however, a complete scan of the shell took almost one hour. In order to speed up the process the carriage was modi"ed so that it supported two laser ranging units, separated by a "xed distance a little less than half of the height of the shell. In this way each laser scanned half of the surface of the shell.
Initially, the signals from the lasers were communicated to the recording computer by means of slip-rings. But such signals turned out to be`noisya; and so a scheme of direct wiring was set up instead. This involved a helically coiled`telephone corda connection lying on the roof of the shell, which could twist up without distress through the necessary total number of revolutions as the scan proceeded. After each scan was complete, this cord was disconnected and untwisted in preparation for the next scan. A straight vertical cable on the outside of the shell, close to the seam, brought the signals to the base of the shell, and thence to the computer. The "nal scheme used for scanning the shell surface had the radial arm turning steadily under the action of the stepper motor, with readings of the laser rangers being taken at predetermined angular positions. The fact that the laser was moving over the surface as readings were taken was found not to a!ect the accuracy of the readings.
The motor controlling the vertical motion of the laser-carriage was a simple d.c. machine, and its voltage was carefully adjusted in order to achieve the required uniform speed of climb. A simple scheme for controlling the motors and the lasers was set up, and it worked well. The laser devices were light and compact and could measure the surface at a range of 100$40 mm, with a resolution of 50 m and at a response interval of 20 ms. Lasers with visible beams were used to ensure safety and to locate properly the starting positions on the shell.
The scanning apparatus was programmed to perform 18 circumferential circuits, in each of which 128 equally spaced radial measurements were taken. The long spiral traverse was preceded by, and followed by, a circular scan. The measurements were thus taken on a grid with vertical and circumferential spacings of 21 and 22 mm, respectively. It was necessary to`matcha the "rst circuit of reading of the upper laser with the last circuit of the lower laser: but this caused no di$culty.
Since the bearing of the scanner was not necessarily located precisely over the centre of the shell, a simple procedure was devised for locating the true centre of the data points at top and bottom by use of the fundamental Fourier coe$cients of the data. In general the raw data on radial position were improved * i.e. were less noisy * when a three-point running average was used along the spiral.
Plotting schemes
The plotting scheme that we have found most useful is the cartesian plot on the`unrolleda shell, as exempli"ed by Fig. 4 . Here the radius of the shell is plotted vertically on the page, the scale being marked in mm; the average radius is 440 mm. The circumferential and axial scales are also marked in mm. Note that the axial coordinate has been`stretcheda by a factor of about two; and so the elementary`squaresa of the measured grid (21;22 mm) appear to be approximately twice as high as they are wide. The scale of radial displacement is exaggerated by a factor of about 70 in comparison with the circumferential scale. Fig. 4 (a) and (b) show two views of the same data set, from inside and outside the cylinder, respectively: note the labelling of the radial axes. The data set corresponds to a shell with a substantial dimple in the near, right-hand corner of the plot. The dimple, which is seen to be roughly as wide as it is high on the shell's surface, presents itself here as an elongated`humpa in the interior view (a) on account of the di!erent scales used in the plotting scheme. This`humpa is #anked by two`hollowsa in Fig. 4(a) , but these now appear as separate`humpsa in (b); and in that view the dimple itself is a deep`hollowa, hidden behind the nearer`humpa. It is clear from these two views that some experience is needed for the interpretation of cartesian plots of this kind; and that inside-and outside-views provide complementary information.
Several other features are visible in Fig. 4 ; and most of them are also present in the shell when it has been set up initially in a stress-free condition. The most conspicuous feature is the full-height vertical seam of the shell. Viewed from the inside we see an inward-directed displacement of the centre of the seam, while the view from outside shows two compensating ridges of outwards displacement on either side. The amplitude of the seam-ripple is approximately 0.5}0.7 mm, i.e. two or three shell thicknesses. The butt joint with its cover strip evidently pulls the shell inwards locally (a`sinkagea), evidently on account of a`curlinga e!ect in the cover strip and adhesive over the course of time.
Another visible feature of Fig. 4 is a set of well-de"ned regular ripples, that usually have an amplitude of about 0.3 mm, or about one shell thickness. In practice, after the shell had been set up * i.e. clamped to the upper and lower end discs * it was used for several tests, and hence it was scanned several times before being set up again. In general, the pattern of ripples did not change much until the shell was set up again by adjustment of the end "xings. The ripples were not generally in phase with the seam, so they cannot be regarded as a consequence of that feature. Simple inspection of the pro"les and/or Fourier analysis reveals a prominent mode with circumferential wave-number n+10, together with some contributions at n+14. A straightforward calculation [7, problem 8.1] indicates that a simply supported cylindrical shell of the present dimensions has its most #exible long-wave mode at n+12.5. The most likely cause of the rippling is the small amount of circumferential shortening * of the order of 0.1 mm altogether * induced at the ends of the shell by the tightening of the clamping-belts; and indeed in some scans there are signs of additional local rippling e!ects near the turnbuckles.
Another scheme of plotting data is shown in Fig. 5(a) . Here also the cylinder has been`unrolleda, with axial height plotted vertically and circumference horizontally. The axial scale has beeǹ stretcheda by a factor of about three with respect to the circumferential scale. The curves correspond to contours of radius * at a spacing of about 4 mm * and they show the shell in a many-dimpled post-buckled form: see Fig. 1 . Each elliptical patch (which would be nearly circular if the vertical and circumferential scales had been equal) corresponds to an inward-directed dimple, while the intervening elongated regions correspond to outward-directed vertical`creasesa. It is clear that in the main the dimples are aligned vertically; and indeed that there is a rough regularity among the dimples that cover the buckled portion of the shell. A cartesian plot (cf. Fig. 4 ) of the same post-buckled con"guration, as viewed from the inside of the shell, is shown in Fig. 5(b) . The many`peaksa correspond to the inward-directed dimples. An obvious feature of the actual post-buckled shape (Fig. 1) is that each of the many dimples has a clearly de"ned straight, horizontal`creasea across its centre. This crease is straight because the surface has been inverted locally in an almost inextensional way into a portion of a horizontal cylinder. This well-de"ned geometrical feature is not at all obvious in either the cartesian or the contour plot. However, once it is appreciated that every such dimple contains a straight, horizontal crease, this can be recognised in the`standarda, practically parabolic, circumferential pro"les of thè humpsa on the cartesian plot (Figs. 5(b) and 4(a) ) that correspond to inward-directed dimples. A third kind of plot is shown in Fig. 6 . This is a`true-viewa plot of a relatively small portion of the circumference of the shell. It shows a well-de"ned single dimple, as in Fig. 4 , which has a generally diamond-shaped perimeter. In Fig. 6 the vertical scale on the page has been exaggerated * in this case by a factor of about 2. Note that the circumferential`creasea that crosses the dimple is preserved as a straight feature in this view, however much the view is`stretcheda. But also note that the Cartesian plot of Fig. 4(a) indicates that the single dimple has a long`taila that extends practically to the top of the shell * a feature which is not at all obvious in the plot of Fig. 6 .
It is clear from all of this that each of the three di!erent schemes of plotting has both advantages and disadvantages. For the remainder of the paper we shall use the cartesian plot exclusively.
Experimental observations
General
Several di!erent kinds of test were performed on the shell. Most tests began with the shell set up in a nominally stress-free state by adjustment of the upper and lower clamping belts as described in Section 2. Some tests were done without use of the scanning equipment, while in other tests scans were made at several di!erent stages.
Altogether some 64 tests were performed. In the simplest tests * 30 in number * the shell was set up in a nominally stress-free state; then the load was steadily increased until the shell buckled; and the peak load was recorded. The mean buckling load recorded in this way was 436 N, with a standard deviation of 23 N. These values correspond to 0.36 and 0.02 of the classical buckling load, respectively, which we have taken as 1200 N (see the appendix). Fig. 7 shows a histogram of these observed buckling loads. In order to compare these data with buckling loads observed by many workers in previous studies, we have shown in Fig. 8 the range of our experimental observations on an existing plot [9] of a collection of buckling loads shown as a fraction of the classical value, against the value of radius/thickness. The solid bar corresponds to the range of our test results on nominally stress-free specimens. Our data range from 0.31 to 0.41 of the classical value, whereas the collected data from past tests for similar values of radius/thickness range from about 0.1 to 0.4 of the classical value. Thus all of our data lie in the upper third of the spectrum of previously collected data.
We performed altogether 34 buckling tests after various kinds of imperfection had been introduced * mainly by lifting the shell locally at one or more points around the base. Taking all of these tests together, we obtain a spread of buckling loads from 0.23 to 0.39 of the classical value, with a mean of 0.31 and a standard deviation of 0.05. The range of results has also been shown in Fig. 8 by an open bar; and the buckling loads evidently lie in the upper half of the`collected dataa, in spite of the deliberately introduced imperfections.
These buckling-load results are clearly paradoxical in relation both to the collected data from previous tests and also in relation to Koiter's conceptual scheme of buckling. Thus, for example, several versions of Koiter's theory predict a buckling load of around 0.4 of the classical value when there is a geometrical imperfection of radial amplitude only 0.2 times the thickness of the shell (see, e.g. Refs. [7, Fig. 15.11; 10] ); whereas, our shell has a clear imperfection in geometrical form at the axial seam of amplitude about two or three thicknesses.
But perhaps the most striking and surprising feature of our data is the excellent performance of our shell even after signi"cant imperfections have been deliberately introduced. Thus, in some cases the deliberate uplift introduced at the base produced a dimple in the unloaded shell that had an inwards radial displacement of about 4 mm or 16 thicknesses; yet the shell typically supported Fig. 8 . Buckling-load data from many experiments on axially compressed cylindrical shells, plotted as a fraction of the classical buckling stress against the radius/thickness ratio R/t; E is Young's modulus of the material: from Ref. [9, p. 186] . The ranges of our data for shells with deliberate imperfections (open bar) and without (solid bar) (see Fig. 7 ) are also shown. a load of 0.29 of the classical value before it buckled * a value approximately equal to the mean of all our tests on the shell with deliberate imperfections (see above).
A particular case
In order to highlight another paradoxical aspect of our results, we now describe in detail a particular, but typical, test in which we imposed a local uplift on the shell at its base, and which provided a clearly visible dimple before the shell was loaded. We made a scan of the shell in this condition, and then we made further scans as the axial load applied to the shell was increased by increments of 70 N.
The various scans are displayed in Fig. 9 (a)}(f ). They show clearly that at zero load there is a dimple above the point of uplift; and that when the load is increased the dimple simultaneously enlarges and migrates up the shell. Under the largest axial load of 350 N the dimple has a depth of about 8 mm and a circumferential width of about 100 mm. In this particular test the shell was left 
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overnight under the load of 350 N; and in the morning it was found to have buckled comprehensively, as in Figs. 1 and 5. 
Other observations
A small number of tests was conducted in which no uplift was provided at the base of the shell, but instead a series of weights was applied to the upper disc, equally at opposite ends of a diameter. An elementary calculation showed that the overall out-of-plane bending sti!ness of the roof-disc was much less than that of the (practically rigid) shell. Thus the e!ect of the added weights was to add a component proportional to cos 2 * where is a circumferential angular coordinate * to the otherwise uniform imposed axial loading. When buckling tests were repeated with larger added weights, the total buckling load was steadily reduced, as if the shell were responding primarily to the largest local loading around the circumference. The results of these tests are shown in Fig. 10 . For the sake of simplicity these results have been included in the`imperfecta part of the histogram in Fig. 7 .
In another sequence of tests, uplift of di!erent, monotonically increasing amounts was applied for each test at a particular location at the base. In each case, as the axial load on the shell increased, there was an audible`popa as the "rst, stable dimple formed. As the uplift increased, the load at which the dimple appeared fell signi"cantly; and yet the buckling load, although some 20% lower than in the absence of uplift, was insensitive to magnitude of uplift. These observations are plotted in Fig. 11 . Fig. 10 . Plot of buckling load (solid points) against magnitude of equal, diametrically opposed weights placed on the roof. The line corresponds to the hypothesis that the additional weights produce a component of variable axial load intensity around the circumference proportional to cos 2 , and that buckling is determined by the largest local axial load. In these tests no imperfections were deliberately introduced at the base. Also shown (open points) are the corresponding loads at which a dimple "rst appeared * with an audible`popa. 
Discussion
How can we begin to explain our various paradoxical observations on the buckling of a cylindrical shell? Our tests revealed practically no`imperfection sensitivitya, since tests either with or without deliberate imperfections showed very little`scattera; and even gross imperfections, in the form of large, stable dimples at zero load, reduced the peak load, on average, by only about 12%.
It seems clear that this unexpected behaviour must be attributed, somehow, to our use of frictionala, rather than`"xeda, boundary conditions at the two ends of the shell. As mentioned in Section 2, we introduced this method of "xing the shell to the end-discs primarily for the convenience of being able to dismantle and re-assemble the specimen at will and without di$culty.
Following the exposition of Section 1, a cylindrical shell with both ends held circular and fully "xed in the axial direction (i.e. held plane) is statically indeterminate, whereas the same shell held circular but free to move axially at both its ends is statically determinate. Our own end-"xing arrangements are somewhere in-between these two extremes. Thus, under the frictional clamping action the ends of the shell are held plane for su$ciently small loads. But at higher loads some local slipping may occur, and thus axial displacements are possible without any change in axial force. Hence our particular boundary conditions might be described as`force-limitinga in the axial direction. An immediate consequence of this is that, if a dimple develops or grows or moves * as in Fig. 9 * there should be practically no consequential changes in the distribution of axial loading around the circumference. This is very di!erent from the case in which the ends of the shell are "rmly "xed in the axial direction, where a change in the shape or size of a dimple would be accompanied by large local variations in axial stress at the ends of generators passing through the dimple. In other words, the scope for changes in membrane-stress distribution during the creation or enlargement of a dimple is very much reduced when the end-"ttings have the`force-limitinga characteristic that is a feature of our type of boundary condition. Indeed, we may speculate that the insensitivity of membrane-stress resultants in the shell to changes of radial displacement * such as the formation of dimples * in the case of frictional end-"ttings is related to the overall lack of imperfectionsensitivity of the shell under axial loading. In relation to the e!ects of relaxation of the rigidity of end-support, we may mention the work of Librescu and colleagues [15] on the thermal buckling performance of shallow cylindrical panels when the straight or curved edges are restrained tangentially by elastic springs rather than rigidly. Their results are interesting; but there are so many di!erences in detail between their work and ours that no direct comparisons are possible.
At present, our proposed explanation of the paradoxes revealed by our experimental data is qualitative and hypothetical. However, the hypothesis is testable, and we propose to perform further experiments * probably on smaller specimens * in order to verify and quantify our hypotheses. In this connection we should mention that the experimentally observed self-weight buckling of open-topped thin cylindrical shells * an indisputably`statically determinatea shell structure * and made from silicone rubber shows very little`scattera in the load/height parameter [11, 12, 16] ; which provides some con"rmation of our overall hypothesis. We should also mention that recent experiments on buckling of the axially loaded steel shells (drinks cans) into which a local creasea imperfection had been introduced at mid-height showed that the initial imperfection grew steadily as the load increased, "rst into a circular and then into an increasingly diamond-shaped stable dimple. Then, when the dimple had reached a particular size * that was practically constant for all tests * the shell buckled in an unstable manner and was covered with dimples [13] . In those experiments the shell was deformed well into the plastic range when the initial damage was in#icted, and it remained in the plastic range throughout the tests. However, it is interesting to note a feature which is common with the present testing, namely that the buckling occurs when an isolated dimple reaches a critical size.
Finally, it has not escaped our notice that the deliberate provision of force-limiting end conditions for practical cylindrical shells such as silos * by means of some ingenious local design feature * might make it possible substantially to increase the load-carrying capacity of some practical thin cylindrical shells.
given by (Et/a)/(3(1! )).
Multiplying this by the cross-sectional area of the shell we obtain the classical buckling load as follows:
2 Et/ (3(1! ) ).
The classical buckling load is thus independent of the radius of the shell.
The melinex sheet was 0.25 mm thick. Kamyab [8] had determined values of both E and by performing tensile tests on strips of the material cut from the parent melinex sheet. We accepted his value of 0.3 for , but we decided to make an independent determination of E by tension-loading of strips of material (cut both in the transverse direction on the roll * i.e. the axial direction of the shell * and in the perpendicular direction) and measuring strain by means of a laser extensometer. For strains of up to 0.005 the concensus value of E was 5.0 GN/m, in good agreement with the value obtained by Holst [14] by performing simple beam-bending tests on strips of the same material.
Using these values we obtain for the classical buckling load of the cylindrical shell 1190 N, or 1200 N to 2 signi"cant "gures.
